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The University of Texas at Austin, 2026

This thesis starts by introducing the general theory of optimal stopping.
Next we build intuition about certain classes of problems and look at some
curated applications. The applications we address in this paper are interest-
ing in their own right and are relevant in financial mathematics; they will
also serve as examples of how an optimal stopping problem may be solved
using free boundary techniques.
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Introduction

In this expository thesis, we start Part I by introducing some founda-
tional concepts from continuous time martingale theory. We then make use
of some analysis tools to define a concept essential to the general theory
of optimal stopping, namely the essential supremum. Part I will then finish
with motivation and definition of the Markov property. In Part II, we present
the general theory of optimal stopping in non-Markovian models and find a
solution in terms of the Snell Envelope. We finish Part II with motivation
for what we hope the Markov property will give us. In Part III, we look at a
specific problem, namely that of valuing the perpetual American put option.
The perpetual American put option also serves as a great example of the
power of Markovian structure. In Part IV, we use the machinery and intu-
ition we have built up to address an Ornstein-Uhlenbeck optimal stopping
problem from [PS].

Part I: Preliminaries

I.I Martingale Theory

The definitions and theorems in this section are primarily motivated by the
first three chapters of [KS] and the first four chapters of [RY].

Definition 1. Let (Ω,F , {Ft}t≥0,P) be a continuous time filtered probabil-
ity space and consider an {Ft}t≥0-adapted stochastic process (Xt)t≥0. We
say that Xt is a submartingale with respect to {Ft}t≥0 if

∀t < s Xt ≤ E[Xs

∣∣ Ft] a.s.

and Xt is Ft-measurable and is integrable w.r.t. P for all t ≥ 0.
If Xt is Ft-measurable and Xt is integrable for all t ≥ 0, and the reverse
inequality holds, we say that (Xt)t≥0 is a supermartingale with respect to
{Ft}t≥0.
If (Xt)t≥0 is both a submartingale and a supermartingale with respect to
{Ft}t≥0 then we say that (Xt)t≥0 is a martingale with respect to {Ft}t≥0.

Definition 2. Two stochastic processes (Xt)t≥0 and (Yt)t≥0 on (Ω,F ,P) are
said to be modifications of each other if

P[Xt = Yt] = 1 ∀t ≥ 0.
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X and Y are further said to be indistinguishable if

P[Xt = Yt ∀t ≥ 0] = 1.

We now build some machinery that will be needed to prove the Upcrossing
Inequality.

Definition 3. Given (Xt)t≥0 a stochastic process on (Ω,F ,P), for a finite
set of times F ⊂ [s, t] ⊂ [0,∞) and real-valued constants a < b, we define
T1 := min{u ∈ F

∣∣ Xu < a} and T2 := min{u ∈ F
∣∣ u > T1, Xu > b}.

Now we define inductively T2k−1 := min{u ∈ F
∣∣ u > T2k−2, Xu < a} and

T2k := min{u ∈ F
∣∣ u > T2k−1, Xu > b}.

We then define UF (X, [a, b]) := max{k
∣∣ T2k ≤ t}.

And for any infinite set of times I we define,

UI(X, [a, b]) := sup
F⊂I,F finite

UF (X, [a, b]).

Lemma 1. Upcrossing Inequality
Given (Xt)t≥0 a right-continuous submartingale and times s < t, we have,

E[U[s,t](X, [a, b])] ≤
(
E[X+

t ] + |a|
)
(b− a)−1.

This implies that P[U[s,t](X, [a, b]) = ∞] = 0.

Proof. We first prove that the result holds for (Mn)n≥0 a discrete time sub-
martingale over finitely many time steps.
It will suffice to show that for fixed N ∈ N, we have E[U{0,1,..,N}(X, [a, b])] ≤(
E[M+

N ] + |a|
)
(b− a)−1.

Now take Hn :=
∑∞

j=0 1{T2j+1≤n≤T2j+2}.
And take Nn := a ∨ Mn = a + (Mn − a)+; since a ∨ · is convex and non-
decreasing, we can apply conditional Jensen’s and see that for n ≤ m,

Nn = a ∨Mn ≤ a ∨ E[Mm

∣∣ Fn] ≤ E[Nm

∣∣ Fn].

And so Nn is a submartingale and, since 1−Hn ≥ 0, we have that ((1−H) ·
N)n is a submartingale.
Also, by construction, (H · N)n ≥ (b − a)U{0,1,..,n}([a, b]). We find that for
fixed n ∈ N,

0 = ((1−H) ·N)0 ≤ E[(1 ·N)n − (H ·N)n],
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and so,

(b− a)E[U{0,1..,n}(X, [a, b])] ≤ E[(H ·N)n] ≤ E[Nn −N0] =

E[(Mn − a)+ − (M0 − a)+] ≤ E[(Mn − a)+]

≤ E[M+
n ] + |a|.

This proves the discrete case.

By choosing {qn}∞n=1 to enumerate {b} ∪ (Q ∩ [s, t]), we can take Fn :=
{q1, .., qn}, and by right continuity of Xt we will get,

U[s,t](X, [a, b]) = lim
n→∞

UFn(X, [a, b]).

Further restricting to finite times, we find that E[UFn(X, [a, b])] ≤ E[X+
t ]+|a|

from the discrete case, and since this holds for all Fn, by Fatou’s lemma we
find,

E
[
U[s,t](X, [a, b])

]
= E

[
lim inf
n→∞

UFn(X, [a, b])
]
≤

lim inf
n→∞

E
[
UFn(X, [a, b])

]
≤ E[X+

t ] + |a|
(b− a)

.

QED

Definition 4. We are given a filtered probability space (Ω,F , {Ft}t≥0,P).
An F -measurable random variable T : Ω → [0,∞] is called a random time.
A random time T is said to be an optional time if {T < t} ∈ Ft for all
t ≥ 0.
A random time S is said to be a stopping time if {S ≤ t} ∈ Ft for all t ≥ 0.
For an optional time T we define the sigma algebras

FT := {A ∈ F
∣∣ A ∩ {T ≤ t} ∈ Ft ∀t},

FT+ := {A ∈ F
∣∣ A ∩ {T < t} ∈ Ft ∀t}.

Given a process (Xt)t≥0 and a stopping time τ , we introduce the notation of
the stopped process (Xτ

t )t≥0; we define Xτ
t := Xt∧τ .

Definition 5. A collection of random variables (Vα)α∈A is said to be Uni-
formly Integrable (U.I.) if,

lim
K→∞

sup
α∈A

E[Vα1{|Vα|≥K}] = 0.
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Theorem 1. Optional Sampling [KS] Assume that (Mt)t≥0 is a right-
continuous submartingale on (Ω,F , {Ft}t≥0,P) and that S, T are optional
times s.t. 0 ≤ S ≤ T .
If (Mt∧T )t≥0 is U.I. then

MS ≤ E[MT

∣∣ FS+ ].

If S is a stopping time then FS can replace FS+ above.

Definition 6. We say that a filtration {Ft}t≥0 for a probability space (Ω,F ,P)
satisfies the usual conditions if W := {A ∈ F

∣∣ P[A] ∈ {0, 1}} is contained
in F0 and (Ft)t≥0 is right continuous, i.e.

∀t ≥ 0 Ft = Ft+ =
⋂
s>t

Fs.

Note that under the usual conditions all optional times are stopping times
and for a stopping time τ we have Fτ = Fτ+ .

Next we present a foundational theorem that is most commonly proved with
extensive use of the upcrossing inequality.

Theorem 2. [KS] Theorem 1.3.13. Given a (super) submartingale (Xt)t≥0 on
a filtered probability space where the filtration satisfies the usual conditions.
Xt has a right-continuous with left limits (RCLL) modification if and only if
the map t 7→ E[Xt] is right-continuous. Further, when the RCLL modification
exists, it may be chosen to be adapted to the filtration.

Definition 7. Given (Mt)t≥0 RC and adapted on (Ω,F , {Ft}t≥0,P), we say
that (Mt)t≥0 is a local martingale if there exists a sequence of stopping
times {Tn}∞n=1 s.t. Tn ↗ ∞ a.s. and for all n ∈ N we have that (Mt∧Tn)t≥0

is a martingale.
In this case we refer to such a sequence of stopping times as a localizing
sequence.

Lemma 2. [PR] Say that a local martingale (Mt)t≥0 is uniformly bounded,
i.e., |Mt| ≤ A a.s. for all t and E[|A|] < ∞, then (Mt)t≥0 is a true martingale.
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Definition 8. A stochastic process (Xt)t≥0 is said to be a semimartingale
if there exists a local martingale (Mt)t≥0 starting at 0 and a finite variation
adapted process (At)t≥0 starting at 0 s.t.

Xt = X0 +Mt + At.

Lemma 3. [RY] A continuous local martingale (Mt)t≥0 that is of finite vari-
ation is indistinguishable from 0.

Corollary 1. Given a continuous semimartingale Xt, the decomposition

Xt = X0 +Mt + At

where Mt is a continuous local martingale starting at 0 and At is a con-
tinuous finite variation adapted process starting at zero, is unique up to
indistinguishability.

Proof. Say Xt is a semimartingale and

Xt = X0 +Mt + At = X0 +M ′
t + A′

t

with Mt,M
′
t being continuous local martingales starting at zero and At, A

′
t

are continuous finite variation processes starting at zero. We find,

Mt −M ′
t = A′

t − At

And so Mt − M ′
t is a continuous local martingale of finite variation, and

therefore must be indistinguishable from 0. This shows that Mt and M ′
t are

indistinguishable and in turn that At and A′
t are indistinguishable.

QED

Theorem 3. [RY] If M,N are continuous path local martingales then there
exists a unique process ⟨M,N⟩t that starts at 0 and s.t. (MtNt−⟨M,N⟩t)t≥0

is a local martingale. Also ⟨M,N⟩ is continuous and has bounded variation
paths. We refer to ⟨M,N⟩ as the cross variation of M against N .
We refer to ⟨M,M⟩ as the quadratic variation of M .
In the case of quadratic variation we have that the map t 7→ ⟨M,M⟩t is
non-decreasing.
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Definition 9. Given continuous semimartingales with decompositions Xt =
X0 + Mt + At and Yt = Y0 + M ′

t + A′
t where Mt,M

′
t are continuous local

martingales starting at zero and At, A
′
t are finite variation adapted processes

starting at zero, we define the cross variation of X against Y , ⟨X, Y ⟩ as
follows,

⟨X, Y ⟩ := ⟨M,M ′⟩.

Definition 10. A stochastic process (Bt)t≥0 starting at 0 and with con-
tinuous paths on an event of probability 1 is said to be a 1-dimensional
Brownian motion (Brownian motion/Wiener process) if:

(i) For all s < t, we have that (Bt − Bs) has a normal distribution with
mean 0 and σ2 = t− s.

(ii) For all finite collections of deterministic times 0 ≤ t0 < t1 < t2 < t3 <
.. < tn we have that the collection of increments as random variables
{Btk −Btk−1

}nk=1 is independent.

Lemma 4. There exists a probability space (Ω,F ,P) s.t. there exists a
Brownian motion on this space.

Theorem 4. Paul Lévy Characterization of Brownian Motion [RY]
Given a continuous local martingale (Xt)t≥0 starting at 0 on the filtered
probability space (Ω,F , {Ft}t≥0,P) we have that Xt is a Brownian motion
on the specified filtered probability space if and only if ⟨X,X⟩t = t for all
t ∈ R+.

Definition 11. A stochastic process (Xt)t≥0 is progressively measurable
with respect to the filtration {Ft}t≥0 if for all t ≥ 0 the map

(s, ω) 7−→ Xs(ω)

is B([0, t])⊗Ft-measurable.
We also present a stronger condition:

If the map (s, ω) 7→ Xs(ω) is P := σ
(
{(s, t] × A

∣∣ 0 ≤ s ≤ t, A ∈ Fs}
)

measurable then we say that (Xt)t≥0 is predictable.

Lemma 5. Adapted, continuous path processes are predictable.
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Definition 12. In a given probability space, we take H2 to be the set of
right-continuous martingales (Mt)t≥0 s.t.

sup
t

E[M2
t ] < ∞,

in other words, the set of right-continuous martingales that are bounded in
L2.
We endow H2 with ||M ||H :=

(
limt→∞ E[M2

t ]
)1/2

.
We define H2 to be the subset of processes in H2 with continuous paths.
We take H2

0 to be those elements of H2 that deterministically assume the
value 0 at time 0.

Definition 13. Given some (Mt)t≥0 ∈ H2, we let L2(M) denote the set of
progressively measurable processes K s.t.

||K||2M := E
[ ∫ ∞

0

K2
s d⟨M,M⟩s

]
< ∞.

We would like to clarify that the integral inside the expectation is being taken
w.r.t. the Lebesgue-Stieltjes measure induced by t 7→ ⟨M,M⟩t.
Notice that || · ||M is a norm and we define L2(M) to be the equivalence
classes of L2(M) under this norm.

Definition 14. For M a continuous local martingale we define L2
loc(M) to be

the space of progressively measurable processesK s.t. there exists a sequence
of stopping times {τn}∞n=1 s.t. τn ↗ ∞ a.s. and

E
[ ∫ τn

0

Ku d⟨M,M⟩u
]
< ∞ ∀n ∈ N.

Theorem 5. [RY] Let M ∈ H2; for each K ∈ L2(M), there is a unique
element of H2

0 denoted by K ·M s.t.

⟨K ·M,N⟩ = K · ⟨M,N⟩,

for every N ∈ H2.
If we relax to just having that M is a continuous local martingale and K ∈
L2
loc(M), then we have that there is a unique local martingale (K ·M) starting

at 0 satisfying the above for every N that is a continuous local martingale.
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Definition 15. We refer to K ·M from the above theorem as the stochastic
integral of K with respect to M . We also use the notation,∫ t

0

Ku dMu := (K ·M)t.

Also, given a semimartingale X = X0 + M + A, where M is a continuous
local martingale and A is a continuous finite variation adapted process and
K ∈ L2

loc(M), we define the stochastic integral of K with respect to X.
We again use the notation,∫ t

0

Ku dXu := (K ·X)t := (K ·M)t + (K · A)t.

Lemma 6. Itô’s Lemma
Given (Xt)t≥0, a continuous semimartingale and f ∈ C2(R), we have,

f(Xt) = f(X0) +

∫ t

0

f ′(Xu) dXu +
1

2

∫ t

0

f ′′(Xu) d⟨X,X⟩u ∀t ∈ R+ P-a.s..

This extends to f having a multidimensional input.
Say that (Xt)t≥0 is a d-dimensional semimartingale, meaning Xk is a semi-
martingale for every dimension k = 1, .., d.
In the case that we have f : Rd → R in C2 then, for all t ≥ 0 P-a.s.

f(Xt) = f(X0) +
d∑

i=1

∫ t

0

fei(Xu) dX
i
u +

1

2

∑
1≤j,k≤d

∫ t

0

fej ,ek(Xu) d⟨Xj, Xk⟩u ,

where fek represents the partial derivative of f in the ek direction, with ek
being the kth standard basis vector for Rd.

Lemma 7. Itô-Tanaka-Meyer
Given (Xt)t≥0, a continuous semimartingale and f ∈ C1(R) with an abso-
lutely continuous derivative, we have,

f(Xt) = f(X0) +

∫ t

0

f ′(Xu) dXu +
1

2

∫ t

0

f ′′(Xu) d⟨X,X⟩u ∀t ∈ R+ P-a.s..
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I.II Essential Supremum

In this section, we present the main definitions and results of Appendix A
from [MMF].

Definition 16. Consider a probability space (Ω,F ,P) and Q a nonempty
collection of non-negative random variables defined on (Ω,F ,P). The essen-
tial supremum of Q (denoted ess sup Q) is a random variable X∗ with the
following two properties:

(i) ∀X ∈ Q, X ≤ X∗ a.s.,

(ii) (X ≤ Y a.s. ∀X ∈ Q) ⇒ (X∗ ≤ Y a.s.).

Definition 17. Consider Q a nonempty collection of non-negative random
variables defined on (Ω,F ,P). Let A ∈ F and k ∈ N, where A1, A2, .., Ak ∈ F
comprise a partition of A. And let X1, X2, .., Xk ∈ Q. We then say that
π = (k,A1, A2, .., Ak, X1, X2, .., Xk) is a Q-partition of A.
We then let PA denote the set of all Q-partitions of A.

Now we construct µ∞
π : F → R+ as follows,

A
µ∞
π7−−→ E

[ k∑
j=1

Xj1Aj

]
.

We then define µ∞ : F → R+ as,

A
µ∞
7−−→ sup

π∈PA

µ∞
π (A).

Lemma 8. [MMF] The map µ∞ : F → R+ is a measure on Ω and µ∞ is
absolutely continuous with respect to P.

Theorem 6. [MMF] Consider Q a collection of random variables defined on
the probability space (Ω,F ,P). Then ess sup Q exists and is unique up to
P-a.s. equivalence.
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Proof. First we show that if the essential supremum of Q exists, then it is
unique up to P-a.s. equivalence.
This follows trivially from the second property of the essential supremum.
Say that A and B both satisfy the definition of essential supremum of Q.
Since X ≤ A a.s. and X ≤ B a.s. for all X ∈ Q, we then have that B ≤ A
a.s. and A ≤ B a.s., thus A = B a.s..

Now we show existence.
Recall that µ∞ << P and now define X∗ := dµ∞

dP , i.e., X∗ is the Radon-
Nikodym derivative of µ∞ w.r.t. P.
We claim that X∗ satisfies the criterion of essential supremum of Q.

Fix some X ∈ Q.
Now fix a test event A ∈ F and consider the Q-partition of A, π∗ := (1, A,X)
and observe,

E
[
X1A

]
= µ∞

π∗(A) ≤ sup
π

µ∞
π (A) = µ∞(A) = E

[ dµ∞

dP
1A

]
= E

[
X∗1A

]
.

Since this holds for all A ∈ F , we have that X ≤ X∗ a.s., and we have shown
the first property.

Now we fix some random variable Y s.t. X ≤ Y a.s. for all X ∈ Q.
Observe,

E
[
X∗1A

]
= sup

π=(k,A1..Ak,X1..Xk)∈PA

µ∞
π (A) = sup

π∈PA

E
[ k∑

j=1

Xj1Aj

]
≤

sup
π∈PA

E
[
Y

k∑
j=1

1Aj

]
= E

[
Y 1A

]
.

This shows the second condition.
QED

Lemma 9. [MMF] Consider Q a collection of random variables defined on
the probability space (Ω,F ,P) s.t. Q is closed under pairwise maximum,
i.e. A,B ∈ Q implies A ∨ B ∈ Q, then there is a non-decreasing sequence
{Cn}∞n=1 ⊂ Q s.t. X∗ = limn→∞Cn a.s..

12



Lemma 10. Given a nonempty family of non-negative random variables Q
and a non-negative random variable J , we have,

J
(
ess sup Q

)
= ess sup

{
JQ

∣∣ Q ∈ Q
}

a.s..

Proof. We take X := ess supQ and we now want to show that JX satisfies
the properties of being the essential supremum of {JQ

∣∣ Q ∈ Q}.
First take some element Q ∈ Q.
From the first property of X being essential supremum of Q,

Q ≤ X a.s.,

and so,
JQ ≤ JX a.s..

This shows that JX satisfies the first property.
Now fix some random variable Z s.t. Z ≥ JQ a.s. for all Q ∈ Q.
We now fix a specific Q ∈ Q and see,

1{J>0}
1

J
Z ≥ 1{J>0}Q a.s.,

and now,

1{J>0}
1

J
Z + 1{J=0}X ≥ Q a.s..

Since this holds for all Q, from the second property of X we get,

1{J>0}
1

J
Z + 1{J=0}X ≥ X a.s.,

Z ≥ 1{J>0}Z ≥ JX a.s..

This shows the second property.
QED

I.III Markov Property, Strong Markov Property &
Ornstein-Uhlenbeck Processes

We introduce the idea of the Markov Property, which is motivated by the idea
that for some processes the increments are dependent only on the state at
the start of the time interval of the increment and not on the entire trajectory.
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Definition 18. Given a state space (E, E), a transition function is a
function P defined on the subset of [0,∞) × E × [0,∞) × E with the first
argument less than or equal to the third argument and assuming values in
[0, 1] s.t. for all s, t ∈ [0,∞), A ∈ E we have that P (s, ·; t, A) is E-measurable
and for each s, t ∈ [0,∞), e ∈ E we have that P (s, e; t, ·) is a probability
measure, and for every 0 ≤ s < r < t and e ∈ E we have,

P (s, e; t, A) =

∫
E

P (s, e; r, dy)P (r, y; t, A).

(Chapman-Kolmogorov equation)
If, in addition, for all s, t ≥ 0 and α > 0 we have:

P (s, · ; s+ α, · ) = P (t, · ; t+ α, · )

then we say that P is time-homogeneous and define:

P (α, · ; · ) := P (s, · ; s+ α, · ) = P (t, · ; t+ α, · ).

Definition 19. Given (Xt)t≥0 as (E, E)-valued random elements on the fil-
tered probability space (Ω,F , {Ft}t≥0,P) s.t. Xt ∈ Ft for all t ≥ 0 and given
a transition function P we say that Xt is a Markov Process with respect
to {Ft}t≥0 with transition function P if Xt ∈ Ft for all t and for all s < t
and measurable functions f : E → R+ we have

E[f(Xt)
∣∣ Fs] =

∫
E

P (s,Xs; t, dy)f(y) P− a.s..

If, in addition, P is time-homogeneous, then we say that Xt is a time-
homogeneous Markov Process.

Definition 20. Given (Xt)t≥0 a (E, E)-valued time-homogeneous Markov
process with respect to {Ft}t≥0 with transition function P we say that Xt

satisfies the Strong Markov Property if for all measurable functions f :
E → R+ and all stopping times τ we have,

E[f(Xτ+α)
∣∣ Fτ ] =

∫
E

P (α,Xτ ; dy)f(y) P-a.s. on {τ < ∞}.

We note that some authors relax away the requirement that X must be time-
homogeneous in order to have the strong Markov property.
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We introduce a piece of machinery specific to strong Markov processes that
will be useful later:

Definition 21. Given a real-valued strong Markov process (Xt)t≥0 with tran-
sition function P , we define the operator LX acting on functions f : R → R
for which the quantity we are about to introduce is well defined.
We take Px to be a probability measure that makes X strong Markov with
transition function P and s.t. Px[X0 = x] = 1.
We let Ex represent integration w.r.t. the probability measure Px.
We now introduce the infinitesimal generator LX . The intuition behind
the infinitesimal generator is that we want to capture the infinitesimal change
in expectation of a function of Xt from a given starting state x. It is defined
as follows,

(LXf)(x) = lim
t→0+

Ex[f(Xt)]− f(x)

t
.

We now introduce a specific instance of a class of Markov Processes.

Definition 22. Given (Xt)t≥0 an adapted stochastic process on the fil-
tered probability space (Ω,F , {Ft}t≥0,P), we say that Xt is an Ornstein-
Uhlenbeck process if Xt satisfies the following SDE:

dXt = θ(µ−Xt) dt + σ dWt ,

where Wt is a Wiener process and θ, σ > 0 and µ ∈ R are constants.

Part II: Optimal Stopping

II.I Formulation of General Problem

The formulation and presentation used here draws on aspects from both
the presentation in Section 2 of [S1] and the presentation in Appendix D of
[MMF].

We are given a filtered probability space (Ω,F , {Ft}t≥0,P) s.t. the filtra-
tion satisfies the usual conditions and we specifically impose F0 = W , i.e.,
F0 is sigma algebra of null sets and probability 1 sets.
We are also given a time horizon T ∈ (0,∞].
We are given (Yt)t≥0 a non-negative valued and right continuous stochastic
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process on our probability space.
In the case that T = ∞ we consider F∞ := σ(∪t≥0Ft) and Y∞ := lim supt→∞ Yt.
We now define S to be the set of all {Ft}t≥0 stopping times.
Now we take

Sτ := {θ ∈ S
∣∣ θ ≥ τ a.s.}.

It is useful for intuition to conceive of Yt as representing the value that the
exercise of a particular derivatives contract (for now just a single exercise
derivative) at time t yields.

Objective 1. [MMF] We want to achieve the following:

(i) Compute the maximal expected value of stopping Y

Z0 := sup
τ∈S

E[Yτ ].

(ii) Find conditions that yield existence of a stopping time τ∗ that achieves
the value in the prior sub-objective.

(iii) Build understanding of τ∗ and characterize τ∗.

II.II The Snell Envelope

The essential piece of intuition we need to start to build the right machinery
is that, given two stopping times τ, θ ∈ S, we can construct another stop-
ping time γ which takes values of τ when preferable and values of θ when
preferable. Specifically, we define A := {E[Yτ − Yθ

∣∣ Fτ∧θ] ≥ 0} and then
define γ := τ1A + θ1Ac . This observation tells us that given a fixed τ ∈ S,
we have that {E[Yθ

∣∣ Fτ ]}θ∈Sτ is closed under pairwise maximization. At a
glance, one might hope that this family would have a maximal element in an
ω by ω sense, but we must recall that each of these elements is only defined
up to a.s. equality, so if we tried to make sense of such an ω by ω supremum
we could get the random variable ω 7→ ∞. This should be enough to suggest
that the essential supremum is the right tool. We can now get to the main
definition.

In the remainder of this subsection we present the main results of Appendix
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D from [MMF] about the Snell envelope.

Definition 23. We define the following,

Zv := ess supτ∈Sv
E[Yτ

∣∣ Fv].

A modification of this will be the ”Snell Envelope”.

Assumption 1. We only consider the non-trivial case where

0 < Z0 = sup
τ∈S

E[Yτ ] < ∞,

and so we will assume this going forward.

Assumption 2. We now impose the condition that

E[ sup
t∈[0,T ]

Yt] < ∞.

Using this condition, we can achieve sub-objective (ii).

Lemma 11. [MMF] For all v ∈ S and τ ∈ Sv, the family {E[Yρ

∣∣ Fv]}ρ∈Sv

is closed under pairwise maximization. Furthermore, there is a sequence
{ρn}∞n=1 of stopping times in Sτ s.t. the sequence {E[Yρn

∣∣ Fv]}∞n=1 is non-
decreasing and

ess supρ∈Sτ
E[Yρ

∣∣ Fv] = lim
n→∞

E[Yρn

∣∣ Fv].

Proof. The first statement of this lemma is exactly our observation at the
beginning of this Snell Envelope section, and the second statement is a direct
result of the first statement and Lemma 9 in the Essential Supremum section.

QED

The reader may note that Zv is a random variable that has been defined as
a function of a stopping time v ∈ S. It is not clear that this definition of Z
is consistent; that is, if we consider the process given by Z at deterministic
times, we do not know that stopping this process at v is the same as what
we defined as Zv. We address this issue now and build some understanding
of the relation between Z and Y .
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Claim 1. [MMF] For all v, σ ∈ S and τ ∈ Sv, we have

Zv = Zσ a.s. on {σ = v},

E[Zτ

∣∣ Fv] = ess supρ∈Sτ
E[Yρ

∣∣ Fv] a.s.,

E[Zτ

∣∣ Fv] ≤ Zv a.s.,

E[Zτ ] = sup
ρ∈Sτ

E[Yρ] ≤ Z0 < ∞.

Proof. We start by showing the first statement.
Apply Lemma 10,

Zv1{σ=v} = ess supρ∈Sv
E[Yρ1{σ=v}

∣∣ Fv] a.s..

We make a sub-claim about conditional expectation and stopping times,
namely, for an F -measurable random variable X and stopping times a, b we
have,

E[X
∣∣ Fa]1{a=b} = E[X

∣∣ Fb]1{a=b} a.s..

Proof of sub-claim: Note that 1{a=b} is in both Fa and Fb.
We will try to show that the right hand side satisfies the properties of the
conditional expectation E[X1{a=b}

∣∣ Fa].
We need to show that the right hand side is Fa measurable and yields the
proper value when integrated over Fa events.
Fix some O ∈ B(R).
Take γ := E[X

∣∣ Fb], by definition γ is Fb measurable. Now, in the case that
0 ̸∈ O,

(γ1{a=b})
−1(O) = {a = b} ∩ γ−1(O).

We define S := γ−1(O) ∈ Fb.
We want to show that {a = b} ∩ S ∈ Fa. In fact, we show this for general
S ∈ Fb.
Fix t ≥ 0.
Note that since S ∈ Fb we have,

S ∩ {b ≤ t} ∈ Ft.

And now,

S ∩ {a = b} ∩ {a ≤ t} = {a = b ≤ t} ∩
(
S ∩ {b ≤ t}

)
∈ Ft.
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This shows that S ∩ {a = b} is in Fa.
The other case is that 0 ∈ O and, in this case, (γ1{a=b})

−1(O) = γ−1(O)∪{a ̸=
b} =

(
γ−1(Oc)∩{a = b}

)c
, but we know γ−1(Oc) ∈ Fb and so γ−1(Oc)∩{a =

b} ∈ Fa and hence its complement is also in Fa.
We now see that E[X

∣∣ Fb]1{a=b} ∈ Fa and, reversing these roles, we see
E[X

∣∣ Fa]1{a=b} ∈ Fb, thus seeing that both of these random variables are
Fa∧b-measurable.
And for A ∈ Fa using what we know about measurability A ∩ {a = b} ∈ Fb,

E[X1{a=b}1A] = E[E[X1A∩{a=b}
∣∣ Fb]] = E[1A1{a=b}E[X

∣∣ Fb]] =

E[1AE[X1{a=b}
∣∣ Fb]] a.s..

End of proof of subclaim.

And now we fix some ρ ∈ Sv and define ρ′ := ρ1{σ=v} + T1{σ ̸=v}:

E[Yρ1{v=σ}
∣∣ Fv] = E[Yρ1{v=σ}

∣∣ Fσ] = E[Yρ′1{v=σ}
∣∣ Fσ] ≤(

ess supκ∈Sσ
E[Yκ

∣∣ Fσ]
)
1{v=σ} = Zσ a.s..

Taking the essential supremum over all ρ, the left-hand side becomes Zv1{v=σ},
and we have Zv1{v=σ} ≤ Zσ1{v=σ}. Swapping v and σ yields the reverse in-
equality, and so Zv = Zσ a.s. on {v = σ}.

Now for the second statement we invoke Lemma 9 to get {ρn}∞n=1 ⊂ Sτ

s.t. {E[Yρn

∣∣ Fτ ]}∞n=1 is non-decreasing and Zτ = limn→∞ E[Yρn

∣∣ Fτ ].
By monotone convergence theorem for conditional expectation,

E[Zτ

∣∣ Fv] = lim
n→∞

E[E[Yρn

∣∣ Fτ ]
∣∣ Fv] = lim

n→∞
E[Yρn

∣∣ Fv] ≤

ess supρ∈Sτ
E[Yρ

∣∣ Fv].

And for ρ ∈ Sτ we have,

Zτ ≥ E[Yρ

∣∣ Fτ ] and E[Zτ

∣∣ Fv] ≥ E[Yρ

∣∣ Fv].

Since the above holds for all ρ ∈ Sτ we get E[Zτ

∣∣ Fv] ≥ ess supρ∈Sτ
E[Yρ

∣∣ Fv].
This yields the second statement.
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The third statement is a direct consequence of the fact that Sτ ⊂ Sv.
The fourth statement follows from Lemma 9 and the third statement where
v is selected to be 0.

QED

Definition 24. For a given v ∈ S we introduce S∗
v := {τ ∈ Sv

∣∣ τ >
v a.s. on {v < T}} and we define,

Z∗
v := ess supτ∈S∗

v
E[Yτ

∣∣ Fv].

Observe that our proof of Claim 1 also holds if we replace Z with Z∗, so Z∗

has all the outlined properties.
We now want to show right continuity of a modification of Z∗:

Claim 2. [MMF] For any v ∈ S and a sequence vn ⊂ S∗
v s.t. limn→∞ vn = v

a.s., we have,
Zv = Z∗

v ∨ Yv a.s.,∫
A

Z∗
v dP = lim

n→∞

∫
A

Z∗
vn dP ∀A ∈ Fv.

Corollary 2. [MMF] For any v ∈ S, we have Z∗
v = Zv a.s..

Definition 25. Since Z (as a function from stopping times to random vari-
ables) is consistent in the sense of Claim 1, we take the deterministic times
and consider the supermartingale (Zt)t≥0. Since t 7→ E[Z∗

t ] = E[Zt] is right-
continuous, we may apply Theorem 2 to see that there exists a supermartin-
gale (Z0

t )t≥0 with RCLL paths that is a modification of Z. We call Z0 the
Snell Envelope of Y .

Theorem 7. [MMF] Theorem 9 in Appendix D. Any stopping time τ∗ is
optimal starting from time 0 (meaning E[Yτ∗ ] = Z0

0 = supρ∈S E[Yρ]) if and
only if

Z0
τ∗ = Yτ∗ a.s.,

and the stopped supermartingale(
Z0

t∧τ∗

)
t≥0

is a martingale.

Theorem 8. [MMF] Theorem 12 in Appendix D. Given a stopping time
τ ∈ S we define the following,

θ∗τ := inf{t ≥ τ
∣∣ Z0

t = Yt} ∧ T.

We claim that E[Yθ∗τ ] = supρ∈Sτ
E[Yρ], i.e., θ

∗
τ is the optimal stopping time

beginning from time τ .
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II.III Markov Motivation

At a high level, we can think of the (strong) Markov property for a process
(Xt)t≥0 as the property that increments starting from a time t are dependent
only on the current state and not on the entire trajectory up to time t.
We now consider (Xt)t≥0 having the strong Markov property and with state
space (R,B(R)). Given our high-level description of the (strong) Markov
property, it may seem intuitive that the optimal stopping of (Xt)t≥0 would
depend only on the state at time of stoppage, i.e., that there must be a set
of states S ∈ B(R) s.t. τ∗ := inf{t ≥ 0

∣∣ Xt ∈ S} is optimal; however, this
requires a considerable amount of machinery to prove. A full treatment of
this general task may be seen in [OSR]. Nonetheless, in certain applications
we can use our Markov intuition to guide our search for explicit solutions for
the Snell envelope which we then verify with the help of other tools, namely
Itô’s lemma. We will see examples of this in Chapters III and IV.

Part III: Perpetual American Put Option

III.I Black-Scholes Model

The presentation of the Black-Scholes Model is inspired by that seen in [S1].
We consider the probability space (Ω,F ,P) and (Wt)t≥0 a Brownian motion
on this space.
We take {Ft}t≥0 to be the filtration generated by W enlarged by null sets.
We take (Xt)t≥0 to be defined as follows,

Xt = x exp

[(
r − σ2

2

)
t+ σWt

]
, t ≥ 0,

where r, σ > 0 represent interest rate and volatility, respectively, and x > 0
is the initial value.
The process X represents the price of some asset, say, for example, a stock.
We are also given a payoff function ϕ : R+ → R+ s.t. the payoff of exercise
of the derivatives contract we are concerned about is ϕ(Xt) at time t.
In the case of a put option with strike price of K > 0, we have ϕ(x) =
(K − x)+.
Using Itô’s lemma we find that X satisfies the following SDE,

dXt = rXt dt + σXt dWt , X0 = x.
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Note that X is strong Markov.

We introduce V (x), the value function of the perpetual (no expiry) put op-
tion, defined as follows using the notation outlined in the above definition:

V (x) := sup
τ∈S

Ex
[
e−rτ (K −Xτ )

+
]
,

i.e., V (x) is the value of the Snell envelope (see Section II.II The Snell En-
velope) of e−tr(K −Xt)

+ at time 0, given that X starts at x.
Our goal for this chapter is to characterize V and also the optimal stopping
time that achieves the value V (x).

III.II Characterization of the Solution

Let us start with a lemma that will help us find LX .

Lemma 12. [PR] Consider a process Ct satisfying the SDE,

dCt = µ(Ct) dt + σ(Ct) dBt ,

where Bt is a Brownian motion and µ, σ are both Lipschitz continuous.

We then have LC = µ(x) ∂
∂x

+ 1
2

(
σ(x)

)2 ∂2

∂x2 (where we restrict the domain to
f ∈ C2(R) with f ′ and f ′′ bounded).

We now direct our attention back to the problem at hand.
Applying Lemma 12 to X, we find LX = rx ∂

∂x
+ σ2

2
x2 ∂2

∂x2 .

Recall our discussion in the Markov Motivation section.
We use the intuition from there along with the fact that as x decreases, it
seems that we stand to gain less and less from waiting to exercise.
For now, we assume that the optimal stopping time is a hitting time of the
form τb := {t

∣∣ Xt ≤ b} for some 0 < b < K; we will not prove this yet, but
rather use this as a starting place from which to find a candidate character-
ization of V .
We now list some properties that we expect V to have and some reasoning
why we expect this (again, we do not prove them; they just help us arrive at
a candidate).
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(i) If τb is optimal, we expect that the Snell envelope of (e−tr(K−Xt)
+)t≥0

stopped at t ∧ τb is a martingale. We expect the Snell envelope to be
(e−trV (Xt))t≥0. To have the change in expectation of V (Xt) cancel
with change in the time component we expect,

LXV = rV, x > b.

(ii) Due to optimality of τb,

V (x) = (K − x)+, x ≤ b.

(iii) Due to sub-optimality of exercise above b,

V (x) > (K − x)+, x > b.

(iv) Necessitated for V to be C1 (we want C1 so that we can apply Itô’s
lemma or Itô-Tanaka-Meyer, this is often called the smooth fit prin-
ciple), and given we expect (ii) to hold,

V ′(x) = −1, x ≤ b.

The most interesting of these is (i): suddenly we have an ODE.
Specifically we expect V to satisfy,

rxV ′(x) +
σ2

2
x2V ′′(x)− rV (x) = 0 ∀x > b.

Seeing that we have a sum of a V term, an xV ′ term, and an x2V ′′ term, it
makes sense to look for a polynomial solution where all elements of the same
power cancel.
We consider a solution of the form xp; substituting this candidate, we need
p to satisfy,

xp
(
rp+

σ2

2
p[p− 1]− r

)
= 0 ∀x > b.

Specifically, either p = 1 or p = −2r
σ2 .

Intuitively, we expect limx→∞ V (x) = 0, so having a p > 0 term does not
make much sense; this leaves us with p = −γ := −2r

σ2 .
And so we introduce the candidate,

H(x) :=

{
Cx−γ x > b

K − x x ≤ b < K
.
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Now our task becomes finding suitable values of b and C.
We need the candidate to be continuous at b. Also we want to be able to
apply Itô’s lemma or Itô-Tanaka-Meyer, and so the smooth fit principle tells
us that we want H ′ to be continuous at b.
Now we get the following system:

H(b) = K − b = Cb−γ,

H ′(b) = −1 = −γCb−γ−1.

We first solve both for C in terms of b and then take these two expressions
and solve for b to find b = K

1+γ−1 .

Then we find C =
(

K
1+γ−1

)γ+1

γ−1.

Now that we have our candidate, our task is to verify it.

Theorem 9. The candidate H(x) is equal to the value function V (x), i.e.
V (x) = H(x) for all x ∈ (0,∞).

Proof. We define ℸt := e−rt and ℶt := H(Xt). From simple calculus, we
know dℸt = −rℸt dt .
Since H ′ is absolutely continuous, we can use Itô-Tanaka-Meyer to find,

dℶt = H ′(Xt) dXt +
1

2
H ′′(Xt) d⟨X,X⟩t .

Recall from Itô-Tanaka-Meyer that this is well-defined even though H ′′ is not
defined everywhere. Since ℸt is of finite variation, we get that ⟨ℸ,ℶ⟩t = 0.
Now, using 2-dimensional Itô’s lemma on (a, b) 7→ ab, we find,

d(ℸtℶt) = ℸt dℶt + ℶt dℸt .

Now,

d(ℸtℶt) = ℸt(H
′(Xt) dXt +

1

2
H ′′(Xt) d⟨X,X⟩t ) + ℶt(−rℸt dt ).

Recall dXt and the definitions of ℸt and ℶt.
By grouping du terms together and integrating we find,

e−rtH(Xt) = H(X0) +

∫ t

0

e−ru(LXH − rH)(Xu) du+
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∫ t

0

e−ruσXuH
′(Xu) dWu ∀t ≥ 0 a.s..

First, note that in the domain (b,∞), we have (LXH − rH)(x) = 0 from our
construction of V .
In the (0, b) domain, we have (LXH− rH)(x) = −rx− r(K−x) = −rK < 0
and so we have (LXH − rH)(x) ≤ 0 where it is defined.

Now we define Mt :=
∫ t

0
e−ruσXuH

′(Xu) dWu .
Since W is a martingale and the integrand is adapted and continuous, it is
progressively measurable and in L2

loc(W ). Thus, from Theorem 5, we have
that Mt is a local martingale starting at 0.
We select a localizing sequence of Mt, say {τn}∞n=1.

Due to the integrand in the du integral being negative we have,

e−rtH(Xt) ≤ H(X0) +Mt.

Combining properties (ii) and (iii) of our construction of H, we see,

(K − x)+ ≤ H(x) ∀x > 0,

and so,
e−rs(K −Xs)

+ ≤ e−rsH(Xs) ≤ H(X0) +Ms.

Now fix a stopping time τ and consider

e−rτ∧τn(K −Xτ∧τn)
+ ≤ H(X0) +Mτ∧τn .

Fix some x > 0 to be the starting point of our process.
Take expectation Ex of both sides to see,

Ex
[
e−rτ∧τn(K −Xτ∧τn)

+
]
≤ H(x).

Note that the above holds for all n. Now apply Fatou’s lemma:

Ex[e−rτ (K −Xτ )
+] ≤ H(x).

This shows that V (x) ≤ H(x).

Now we need to show the reverse.
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Fix some x > 0; in the case that x ≤ b then H(x) = K − x ≤ V (x), so we
consider the case that x > b.
Note that since LXH − rH = 0 on (b,∞), we have that for all n,(

e−r(t∧τb∧τn)H(Xt∧τb∧τn) = H(x) +Mt∧τb∧τn

)
t≥0

is a martingale w.r.t. Px.

And so,
H(x) = Ex[e−rτb∧τnH(Xτb∧τn)].

Since e−rτb∧τnH(Xτb∧τn) for all n is dominated by the constant K, we can
apply the dominated convergence theorem to find,

H(x) = Ex[e−rτbH(Xτb)] = Ex[e−rτbH(Xτb)1{τb<∞}]+E[e−rτbH(Xτb)1{τb=∞}] =

Ex[e−rτb(K − b)+1{τb<∞}] = Ex[e−rτb(K −Xτb)
+] ≤

sup
τ

Ex[e−rτ (K −Xτ )
+] = V (x).

We have now shown H(x) = V (x) for all x > 0 and that τb achieves V (x).
QED

Now we want to see that the Snell envelope is exactly that which our Markov
intuition would suggest.

Theorem 10. The Snell envelope of e−rt(K −Xt)
+ is e−rtV (Xt).

Proof. We recall that in the proof of the previous theorem we found a de-
composition of e−rtV (Xt) = V (X0)+Mt−At, where Mt is a local martingale
and At is a non-decreasing process.
Fix some τ ∈ S and some θ ∈ Sτ .
Now we have the following,

e−rθ(K −Xθ)
+ ≤ e−rθV (Xθ) = e−rτV (Xτ ) + (Mθ −Mτ )− (Aθ − Aτ ) ≤

e−rτV (Xτ ) + (Mθ −Mτ ) a.s..

Now take the minimum of these times stopped at τn, where {τn}∞n=1 is a
localizing sequence of Mt:

e−r(θ∧τn)(K −Xθ∧τn)
+ ≤ e−r(τ∧τn)V (Xτ∧τn) +Mθ∧τn −Mτ∧τn .
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Now take conditional expectation w.r.t. Fτ and, becauseM
τn is a martingale,

we can move terms around to get

E
[
e−r(θ∧τn)(K −Xθ∧τn)

+ − e−r(τ∧τn)V (Xτ∧τn)
∣∣ Fτ

]
≤ 0.

Now, due to the fact that the inside of the conditional expectation above is
dominated by 2K, we can use dominated convergence for conditional expec-
tation to get,

E[e−rθ(K −Xθ)
+
∣∣ Fτ ] ≤ e−rτV (Xτ ) a.s..

This demonstrates that ess supθ∈Sτ
E[e−rθ(K −Xθ)

+] ≤ e−rτV (Xτ ) a.s..

Now we want to show the reverse.
We can decompose Ft := e−rtV (Xt) = V (x) +Mt − At.
Now we fix some τ ∈ S.
We define ρ := inf{t

∣∣ t ≥ τ, Xt ≤ b}.
We note that At =

∫ t

0
e−ru(LXH − rH)(Xu) du is constant on the time in-

terval [τ, ρ].

We consider {τn}∞n=1 to be a localizing sequence of (Mρ
t )t≥0.

Select some n ∈ N.
From properties of conditional expectation we find,

Fτ∧τn = E[Fρ∧τn
∣∣ Fτ∧τn ] = E[Fρ∧τn

∣∣ Fτ ] a.s..

Again we can apply conditional dominated convergence to get,

Fτ = E[Fρ

∣∣ Fτ ] = E[e−rρ(K −Xρ)
+
∣∣ Fτ ] a.s..

This shows that e−rτV (Xτ ) ≤ ess supθ∈Sτ
E[e−rθ(K −Xθ)

+
∣∣ Fτ ] a.s..

This proves the theorem and that ρ is optimal for stopping after τ .
QED

With the proof of this theorem, we have now achieved what our intuition in
the Markov Motivation section informed us might be possible. We used our
intuition to find an explicit characterization of a Snell Envelope candidate
and then went about proving it is indeed the Snell Envelope. Most notably,
we found that the Snell Envelope is a product of the imposed scale-invariant
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time penalty function e−rt and a value function which is dependent only on
the current state. We also saw that the optimal stopping time for stopping
after some stopping time τ is a hitting time. This matches nicely with our
intuition coming from the fact that e−rt(K −Xt) is strong Markov, and that
taking the positive portion of this is a deterministic function of a strong
Markov process.

Part IV: Ornstein-Uhlenbeck Optimal Stopping Example

In this chapter, we examine Example 10.1 from Chapter 10.2 of [PS], which
is another example of the conversion of an optimal stopping problem to a
free boundary problem.
We are given the stopping problem with value function as follows,

V∗(t, x) = sup
τ∈Sx

X

Ex
(
|Xτ | − c

√
t+ τ

)
,

where (Xt)t≥0 is a Brownian motion plus a constant x under the probability
measure Px, and we take Ex to be integration w.r.t. Px, and Sx

X is the set of
stopping times τ w.r.t. (FX

t )t≥0 s.t. Ex[
√
τ ] < ∞.

We take σt := e2t − 1; now we define Zt := Xσt/
√
1 + σt, t ≥ 0.

Using Itô’s lemma and quadratic variation arguments, one can find

dZt = −Zt dt +
√
2 dBt , Z0 = x,

where Bt is a Brownian motion.
Now apply Lemma 12 to get,

LZ = −z
∂

∂z
+

∂2

∂z2
.

Remark 1. The stopping problem in this section is no longer of a time-
homogeneous structure; in fact, it does not seem that this is a deterministic
function of a time-homogenous strong Markov process. This said, when we
have some extra time dependence we can introduce time into a new state
space, i.e., if we had state space (E, E) and a time-homogeneous strong
Markov process Xt on this space we can construct state space (E ×R+, E ⊗
B(R+)) and in this new state space we can reasonably expect to have the
time-homogeneous strong Markov property for (Xt, t). This should give us
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intuition that the optimal stopping time for such problems is a function only
of state in the sense of (E, E) and of time.

IV.I Reduction of Value Function to 1 Variable

From the Paul Lévy characterization of Brownian motion, note that for a
fixed t > 0, Ws :=

1√
t
Bts is a Brownian motion.

Consider τ a stopping time w.r.t. the filtration generated by Bt; note that
τ/t is a stopping time w.r.t. the filtration generated by Wt, and vice versa,
by multiplying stopping times by t.
We define Sx

B and Sx
W analogously to Sx

X .
And so,

V∗(t, x) = sup
τ∈Sx

B

E
[
|Bτ + x| − c

√
t+ τ

]
=

√
t sup
τ/t∈Sx

W

E
[∣∣∣ 1√

t
Bt(τ/t) +

x√
t

∣∣∣− c
√

1 + τ/t

]
.

In this manner, we have reduced our value function to a single variable,

V∗(t, x) =
√
tV∗(1, x/

√
t).

IV.II Conversion to Ornstein-Uhlenbeck Magnitude Stop-
ping

Observe the following identity,

|Xστ | − c
√
1 + στ =

√
1 + στ (|Zτ | − c) = eτ (|Zτ | − c).

Due to the manner in which Zt is constructed as a function of Xσt , we have
that FZ

t = FX
σt
, so τ is a stopping time w.r.t. the filtration generated by Z

iff στ is a stopping time w.r.t. the filtration generated by X.
Note that Ex[

√
στ ] < ∞ if and only if Ex[eτ ] < ∞.

We take T x to be the set of stopping times τ w.r.t. FZ
t s.t. Ex[eτ ] < ∞.

This correspondence between stopping times gives us,

W∗(x) := V∗(1, x) = sup
τ∈Tx

Ex[eτ (|Zτ | − c)].
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For the sake of clarity, we note that Z0 = X0 and so, if we ever refer to W∗(z)
or write Ez, these have the same meaning as we have defined already, and
there should be no confusion from the semantics.

IV.III Conversion to Free Boundary Problem

With Zt being an Ornstein-Uhlenbeck process, we note that et(|Zt| − c) does
not seem to be a deterministic function of a strong Markov process but
(|Zt| − c) is strong Markov and the et term maintains a scale invariance.
Heuristically, if state-time is (z, t) and this is in the continuation region be-
cause we can stop in a manner that improves expected reward by, say, k%
over stopping immediately, then at (z, t + h) we expect that we can again
stop in a manner that improves expected reward by k% over stopping im-
mediately. That is, our intuition suggests that the time induced change in
transition dynamics should not introduce time dependence into the optimal
stopping policy.

We assume that the optimal stopping time is of the form τz∗ := inf{t ≥
0
∣∣ |Zt| ≥ z∗}, where z∗ > 0 is a constant.

We can now set up the free boundary problem.
We search for a candidate solution W (z) that satisfies the following,

(i) Since we expect etW (Zt) to be a martingale in z ∈ (−z∗, z∗):

LZW (z) = −W (z).

(ii) Due to optimality of stopping at τz∗ :

W (±z∗) = z∗ − c.

(iii) Due to option to stop immediately:

W (z) ≥ |z| − c ∀z.

(iv) To maintain W ∈ C1 so that we can hope to apply Itô’s lemma or
Itô-Tanaka-Meyer (smooth fit principle) we expect:

W ′(±z∗) = ±1.

(v) Correct sign of slope, sign: R → {1,−1, 0}:
sign W ′(z) = sign z ∀z.
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IV.IV Deriving the Candidate

Along the lines of chapter 10 of [PS], we now introduce a function which will
be helpful for characterizing the solution in the continuation region.

Definition 26. The Kummer confluent hypergeometric function is
given by,

M(a, b, x) =
∞∑
k=0

(a)k x
k

(b)k k!
, a, b, x ∈ C,

where (ρ)k represents the product ρ(ρ + 1)..(ρ + k − 1). Using standard
analysis techniques, this function can be seen to be well-defined and in C2.

Importantly, note that z 7→ M(−1
2
, 1
2
, z

2

2
) and z 7→ z are linearly independent

and solve LZW (z) = −W (z).
By Corollary 4.35 from [TA], the solution space for a second-order ODE is
2-dimensional, and so the two aforementioned functions form a basis of the
solution space to LZW (z) = −W .
In fact, since −Zt follows the same SDE as Zt (with the corresponding neg-
ative Brownian motion), we expect W to be an even function.
Since the first of our basis functions is even and the second is odd, we expect
our solution to be of the form,

W (z) =

{
−AM(−1

2
, 1
2
, z

2

2
) z ∈ (−z∗, z∗)

|z| − c z ̸∈ (−z∗, z∗)
,

where z∗ > 0 and A ∈ R are constants and the hypothesized optimal stop-
ping time is τz∗ := inf{t

∣∣ |Zt| ≥ z∗}.

Note that M(−1
2
, 1
2
, 0) = 1 and limz→∞M(−1

2
, 1
2
, z

2

2
) = −∞ and M(−1

2
, 1
2
, z

2

2
)

is strictly decreasing in z on R+, which is easily seen from the non-constant
terms in the summation having negative coefficients, and so must have a
unique positive root.
Define r to be the unique positive root of M(−1

2
, 1
2
, z

2

2
).

From conditions (ii) and (v), we find c ≥ r. This tells us that existence of a
solution meeting the criteria of W is incompatible with c < r; this may be a
hint that it is never optimal to stop in the case that c < r, givingW∗(z) = ∞.
We now assume that c > r (we will handle c = r later).
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In order to maintain continuity, we must select −A = z∗−c

M
(

−1
2
, 1
2
,
z2∗
2

) .
Also note due to the smooth fit principle we expect W ∈ C1; we expect to
have that W ′(±z∗) = ±1, and this gives us another relation for A.
Using d

dx
M(a, b, x) = a

b
M(a+ 1, b+ 1, x), we find,

A =
(
z∗M

(1
2
,
3

2
,
z2∗
2

))−1

=
−(z∗ − c)

M
(−1

2
, 1
2
, z

2
∗
2

) .
Rearranging gives,

(c− z∗)z∗ =
M

(−1
2
, 1
2
, z

2
∗
2

)
M

(
1
2
, 3
2
, z

2
∗
2

) .

From the intermediate value theorem, we find that there must be some z∗ ∈
(0, r) satisfying the above. Rearranging again, we find that such a z∗ is a
zero of,

q(z) = (c− z)zM
(1
2
,
3

2
,
z2

2

)
−M

(−1

2
,
1

2
,
z2

2

)
.

Taking the derivative of the above, we find,

q′(z) =
((c− z)z2

3

)
M

(3
2
,
5

2
,
z2

2

)
+ (c− z)M

(1
2
,
3

2
,
z2

2

)
.

Note that q′ is strictly positive on z ∈ (0, c) ⊃ (0, r), and so a positive root
z∗ ∈ (0, r) exists and is unique. We will now let z∗ denote this root.

Note that by our construction the value of z∗ depends on the constant c.

IV.V Verify the Candidate

We now have our candidate satisfying criteria (i)-(v) and our task is to prove
that W (z) = W∗(z).

We now define Ft := etW (Zt).

First, we can apply Itô-Tanaka-Meyer to find d(W (Zt)) (since W is C1 with
absolutely continuous derivative) and calculus to find det , and then apply
Itô’s lemma to the product map (a, b) 7→ ab to find,

Ft = F0 +

∫ t

0

Fu du +

∫ t

0

euW ′(Zu) dZu +
1

2

∫ t

0

2euW ′′(Zu) du ∀t a.s..
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Recalling the SDE that Zt satisfies and rearranging terms, we find,

Ft = F0 +

∫ t

0

eu(LZW +W )(Zu) du +
√
2

∫ t

0

euW ′(Zu) dBu .

We decompose as expected,

At := −
∫ t

0

eu(LZW +W )(Zu) du and Mt :=
√
2

∫ t

0

euW ′(Zu) dBu ,

and so we get,
Ft = F0 − At +Mt.

Note that LZW +W ≤ 0 and so At is non-decreasing. Also, from Theorem 5,
we get that Mt is a local martingale starting at 0; let {τn}∞n=1 be a localizing
sequence of bounded stopping times.

For the sake of convenience we define Gt := et(|Zt| − c) ≤ etW (Zt) = Ft.
Fix some stopping time τ s.t. Ez[eτ ] < ∞ and some n ∈ N:

Gτ∧τn ≤ Fτ∧τn = F0 − Aτ∧τn +Mτ∧τn ≤ F0 +Mτ∧τn .

Take expectation Ez of both sides:

Ez[Gτ∧τn ] ≤ Ez[F0] = W (z).

Because τ is chosen s.t. Ez[eτ ] < ∞, −ceτ is an integrable lower bound of
Gτ∧τn , by Fatou’s lemma,

Ez[Gτ ] ≤ W (z).

This shows that W∗(z) ≤ W (z).

Now we want to show the reverse.
Recall that for each n, we have that (F

τn∧τz∗
t )t≥0 is a martingale.

Also, we know from our construction of W that Fτz∗ = Gτz∗ on {τz∗ < ∞},
which has probability 1 under each Pz.
Because (z∗ − c) ≤ 0 and W (z) < 0 for |z| ≤ z∗ < r, for the non-trivial case
of |z| < z∗,

W (z) = Ez[F0] = Ez[Fτn∧τz∗ ] = Ez[1{τn>τz∗}Gτz∗ ] + Ez[1{τn≤τz∗}Fτn ] ≤
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Ez[1{τn>τz∗}Gτz∗ ].

Since the random variable Gτz∗ is non-positive, we can take the negative of
the above inequality, use monotone convergence, and take the negative of the
new inequality to get,

W (z) ≤ Ez[Gτz∗ ].

If we can show that E[eτz∗ ] < ∞, we will have shown W (z) = W∗(z).

Define f(z) :=
M
(

−1
2
, 1
2
, z

2

2

)
M
(

−1
2
, 1
2
,
z2∗
2

) ≥ 0.

Note that because z∗ ∈ (0, r), we have that the numerator and denominator
of the above have the same sign for z ∈ [0, z∗] and so f(z) is non-negative
for z ∈ [0, z∗].

Because LZf = −f , using Itô’s lemma, we find that Yt := etf(Zt) is a
local martingale.
Also note,

|Y τz∗∧n
t | ≤ enmax f([−z∗, z∗]) =: Cn < ∞.

And so, by Lemma 2, we have that (Y
τz∗∧n
t )t≥0 is a true martingale.

Now,
Ez[Yn∧τz∗ ] = Ez[Y0] = f(z).

Because Zt is an Ornstein-Uhlenbeck process, τz∗ < ∞ a.s..
We use that Yt is non-negative to apply Fatou’s lemma and find,

Ez[eτz∗ ] = f(z∗)Ez[eτz∗ ] = Ez[Yτz∗ ] ≤ f(z).

And so we have shown that in the case c > r, W (z) = W∗(z).

From the c > r case, we can also get the c = r case.
We letWc andWc,∗ representW andW∗ as before except now with c specified
explicitly.
We take {cn}∞n=1 a decreasing sequence converging to r and fix some z.
Due to continuity of c 7→ Wc(z) and the fact that all eτ (|Zτ | − cn) have
a common integrable lower bound −c1e

τ , for c ≥ r we can use monotone
convergence to find,

Wr,∗(z) = sup
τ∈T z

Ez[eτ (|Zτ | − r)] = sup
τ∈T z

(
sup
n∈N

Ez[eτ (|Zτ | − cn)]

)
=
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sup
n∈N

(
sup
τ∈T z

Ez[eτ (|Zτ | − cn)]

)
= sup

n∈N
Wcn,∗(z) = sup

n∈N
Wcn(z) = Wr(z).

Putting it all together, we have now shown,

Theorem 11. [PS] Given c ≥ r,

V (t, x) = sup
τ

Ex
(
|Xτ | − c

√
t+ τ

)
=

−
√
tz−1

∗ M
(
− 1

2
, 1
2
, x

2

2t

)[
M

(
1
2
, 3
2
, z

2
∗
2

)]−1 |x|√
t
< z∗

|x| − c
√
t |x|√

t
≥ z∗

.

The optimal stopping time for the original problem is given by:

τ∗ = inf{s > 0
∣∣ |Xs| ≥ z∗

√
t+ s}.

For c = r, the stopping times τ∗ from the c > r case are approximately
optimal if we let c ↓ r.

We also have the following theorem for the c < r case.

Theorem 12. For c < r we have V∗(t, x) = ∞ and it is never optimal to
stop.

Proof. Take α := c+r
2

∈ (c, r).
We have already seen, en route to the proof of the previous theorem, that

Ez[eτ ] < ∞ ∀z.

Where τ := inf{t ≥ 0
∣∣ |Zt| ≥ α}.

Similarly, for ρt := inf{s ≥ t
∣∣ |Zs| ≥ α} we have Ez[eρt ] < ∞ for all z.

Now for any fixed t,
Pz[{ρt = ∞}] = 0 ∀z.

This implies,

(α− c)et ≤ (α− c)eρt = (|Zρt | − c)eρt Pz-a.s..
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And so,
Wc,∗(z) ≥ (α− c)et.

Since this holds for all t, we have that Wc,∗(z) = ∞ for all z.
QED

In this most recent example, we have again used our Markov intuition to
find suitable conditions that a reasonable candidate value function must sat-
isfy. Using these conditions, we then found an explicit characterization for
the candidate value function and used other tools to verify it is indeed correct.
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