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Definition of φ

φ : N → N

n = pa11 pa22 ..pakk 7−→ (p1 + a1)(p2 + a2)..(pk + ak)

It is clear that φ is multiplicative.
I.e. if m, n ∈ N and gcd(m, n) = 1 then φ(mn) = φ(m)φ(n).



Behavior of φ on pa

We ask when φ grows, shrinks, or stays the same on a prime
number p to a power a.
This gives us information about what φ does to a given
component of the prime factorization of n.
We first analyse the case of p = 2
When a = 1 we see 2 = 21 < φ(21) = 3.
When a = 2 is is easy to see that 22 = φ(22) = 4.
When a = 3, we have 8 = 23 > φ(23) = 5.

It is clear that pa+1

φ(pa+1)
> pa

φ(pa) and so for all a > 2 we have

2a > φ(2a)
We now consider p > 2
When a = 1 it is clear that p1 = p < p + 1 = φ(p1).
I.e. for all primes p, p1 < φ(p1).
When a > 1 we have pa

φ(pa) >
2a

φ(2a) ≥ 1 and so pa > φ(pa).



Cycles of Length 1/Fixed points

We may ask about the behavior of φ as we apply it recursively on
its output.
We now attempt to show that there is a finite number of fixed
points (integers n s.t. φ(n) = n)
We will now try to identify all integers n s.t. φ(n) = n.
It will be convenient for us to write any candidate n in the form

n = 2t
∏

paii

∏
qbii

where paii are the components of n not divisible by 2 that φ shrinks

(ai > 1) and qbii are the components of n not divisible by 2 that φ
grows (bi = 1) We now work by cases in terms of t



Case t = 0

We need to find a solution to,∏
paii

∏
qi =

∏
(pi + ai )

∏
(qi + 1)

Notice that if n = 1 we have a trivial solution as the above.
If n ̸= 1 is a solution then both

∏
paii and

∏
qbii are not the empty

product.
Notice that 2 | (q1 + 1) yet 2 ∤ n and so we cannot have a
non-trivial solution where t = 0.
Solutions where t = 0: n = 1.



We must have,

2
∏

paii

∏
qi = 3

∏
(pi + ai )

∏
(qi + 1)

Note that if there is more than one qi then we have that the right
hand side is divisible by 22 yet the left hand side is not.
And so we have at most one qi
We first consider the case where

∏
qi is the empty product.

Then, ∏ paii
pi + ai

=
3

2

and so we see that 3 must divide the numerator, we let y > 1
denote the maximum power of 3 that divides n



We now get,
3y

3 + y

∏ paii
pi + ai

=
3

2

and so, ∏ paii
pi + ai

=
3 + y

3y−12

yet for all y > 1 we have,

1 ≤
∏ paii

pi + ai
=

3 + y

3y−12
< 1

a contradiction.



And so we cannot have a solution where we have no qi .
And so we must have one and only one qi which we will denote q,
We then have,

2q
∏

paii = 3(q + 1)
∏

(pi + ai )

And so 3 divides the left hand side.
In the case where 3 | p we have 2 · 3

∏
paii = 3 · 4

∏
(pi + ai ) so we

must have that 4 divides the left hand side which it clearly does
not as we selected t = 1.
This means that we must have 3 |

∏
paii .

We let s > 1 denote the maximum power of 3 that divides n.



We now have,

2q3s
∏

paii = 3(q + 1)(3 + s)
∏

(pi + ai )

and so
2q3s−1

(q + 1)(3 + s)
=

∏ pi + ai
paii

Notice that for s > 2 we get,

1 <
2q3s−1

(q + 1)(3 + s)
=

∏ pi + ai
paii

≤ 1

a contradiction so we must have s = 2



6q
∏

paii = (q + 1)5
∏

(pi + ai )

And so 5 divides the left hand side. Namely 5 divides either q or∏
paii .

Case 5 divides q:
Thus we must have q = 5

6 · 5
∏

paii = 6 · 5
∏

(pi + ai )∏
paii =

∏
(pi + ai )

That is the remaining components of n must be the empty product.
We then have n = 213251 = 90 and we verify φ(90) = 90.



Case 5 divides
∏

paii
We let r > 1 denote the highest power of 5 that divides n.
We must have,

1 <
5r−16q

(q + 1)(5 + r)
=

∏ pi + ai
paii

≤ 1

a contradiction and so we have no solutions where 5 |
∏

paii .
We have now exhaused all cases for t = 1 and have found
Solutions where t = 1: n = 90.



Case t = 2

Say that n = 22
∏

paii
∏

qbii is a solution, then,

22
∏

paii

∏
qi = (2 + 2)

∏
(pi + ai )

∏
(qi + 1)∏

paii

∏
qi =

∏
(pi + ai )

∏
(qi + 1)

i.e. any solution with t = 2 can be divided by 4 to yield a solution
to the t = 0 case.
Since there is only the trivial solution to the t = 0 then n = 4(1) is
the only potential candidate with t = 2.
Clearly φ(4) = 4.
We now see this is the only solution.
Solutions where t = 2: n = 4.



Case t = 3

23
∏

paii

∏
qi = 5

∏
(pi + ai )

∏
(qi + 1)

And since t = 3 we must have that there are at most 3 qi terms in
n
And so we must have 5 |

∏
paii

∏
qi ,

Case 5 |
∏

paii ,
Let s > 1 be the maximum power of 5 that divides n, we get,

8 · 5s−1
∏

paii

∏
qi = (5 + s)

∏
(pi + ai )

∏
(qi + 1)

and then for any integer s > 1,

8 · 5s−1

5 + s
=

∏
(pi + ai )

∏
(qi + 1)∏

paii
∏

qi
≤

∏
(qi + 1)∏

qi
≤

(q1 + 1)(q2 + 1)(q3 + 1)

q1q2q3
<

8 · 5s−1

5 + s

a contradiction and so we must have 5 |
∏

qi .



Then we have,

5 · 8
∏

paii

∏
qi = 5(6)

∏
(pi + ai )

∏
(qi + 1)

4
∏

paii

∏
qi = 3

∏
(pi + ai )

∏
(qi + 1)

And so 3 |
∏

paii
∏

qi



Case 3 |
∏

paii , let k > 1 be the maximum power of 3 that divides
n,

4 · 3k−1
∏

paii

∏
qi = (3 + k)

∏
(pi + ai )

∏
(qi + 1)

and there are at most two remaining qi terms that we have not
accounted for,

3 =
12

4
≤ 4 · 3k−1

3 + k
=

∏ paii
(pi + ai )

∏ qi + 1

qi
≤ qi + 1

qi
≤

(8
7

)(12
11

)
< 3

a contradiction
and so we must have 3 |

∏
qi ,

That is there is some qi = 3,



Putting all the terms together we find,

120
∏

paii

∏
qi = 120

∏
(pi + ai )

∏
(qi + 1)

and so any solution with t = 3 must be divisible by 120 and divide
by 120 to a solution with t = 0.
Since 1 is the only solution with t = 0 we have that 120 is the only
possible solution with t = 3.
Clearly 120 = 23 · 3 · 5 = (2 + 3)(3 + 1)(5 + 1).
Thus we see 120 is the only solution with t = 3.

Solution where t = 3: n = 120.



Case t > 3

We take Lt :=
2t

2+t
Notice for t > 3 we have,

8

3
≤ Lt

We let ρi denote the i th odd prime
Next we take St :=

∏ ρi+1
ρi

we get
Notice for t = 4,

St =
4 · 6 · 8
3 · 5 · 7

< Lt =
8

3



We now say that for t = k we have St < Lt
We take lt :=

2(2+t)
3+t and

take st :=
12
11

Notice,
Lt+1 = Lt lt

and,
St+1 ≤ Strt

Notice,
12

11
= rt <

12

7
≤ lt

for all t > 3 Since St < Lt and st < lt

St+1 ≤ Stst < Lt lt = Lt+1

We now have shown induction,



Since we have a base case with t = 4 we now see that St < Lt for
all t > 3
We assume that there is a solution where t > 3
We let nt be such a solution with specific t > 3
We write nt in the form we have seen earlier,

nt = 2t
∏

paii

∏
qi

and take Rt :=
∏ qi+1

qi



Notice we have,

2t
∏

paii

∏
qi = (2 + t)

∏
(pi + ai )

∏
(qi + 1)

and so,

Lt =

∏
(pi + ai )

∏
(qi + 1)∏

paii
∏

qi
≤

∏ qi + 1

qi
≤ St < Lt

this is a contradiction,
And so we see that there cannot be a solution where t > 3
Soltuions where t > 3: N/A


