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Inspiration / Attribution

The proof contained in this document was inspired by a youtube video by youtu-
ber ”Combo Class” and a video he made that gives a high level argument for
why a peculiar function has finitely many cycles.

The link to his video is HERE

Definition of ¢
p:N—=N

n = pi'py*.prt — (p1 + a1)(p2 + a2)..(pr + ax)

It is clear that ¢ is multiplicative.
Le. if m,n € N and ged(m, n) = 1 then ¢(mn) = p(m)p(n).

Combinatorial Perspective

o can be thought of as the sum of the squarefree kernel of the divisors of n.
That is,
p(n) = r(d)
d|n

where k is the squarefree kernel.
That is k takes p* to p when ¢ = 1 and takes p® to 1 when a # 1.

Consider,

o(n) = p(p1")e(P3?)--p(pr")
(p1 + a1)(p2 + a2)..(px + ar) =

(RS SIS SRS 3

When thinking about this combinatorially, in the expansion of the above any
term is the product of primes that divide n and 1s.


https://www.youtube.com/watch?v=pylw9t4j6bM

Note that there are [[(a; +1) terms in the expansion as well as [[(a; +1) divisors
of n.

We think of each p; in a term as representing that it is divisible by p; but not
p;.

We think of the lack of each p; in a term as representing that it is either not
divisible by p; or is divisible by p?.

With a bit of thought we see that the number of times a given term appears in
the expansion is exactly the number of divisors that x maps to the term.

And so we now see,
p(n) = r(d)

Mobius Inversion

We can use Mobius inversion to find an interesting identity

A(n) = Y~ n(5)e(d)

dln

Behavior of ¢ on p®

We ask when ¢ grows, shrinks, or stays the same on a prime number p to a
power a.

This gives us information about what ¢ does to a given component of the prime
factorization of n.

We first analyse the case of p = 2

When a = 1 we see 2 = 2 < ¢(21) = 3.
When a = 2 is is easy to see that 2% = (2?) = 4.
When a = 3, we have 8 = 23 > (23) = 5.

a+1 a
It is clear that _f7zry > ;57 and so for all a > 2 we have 2% > ¢(27)
We now consider p > 2

When a = 1 it is clear that p! =p <p+ 1= ¢(p').
Le. for all primes p, p! < ¢(p!).

When a > 1 we have ﬁ > W(Q;) > 1 and so p® > p(p?).
We now see,

p* = o(p®)
if and only if p =2 and a = 2

p" < (")



if and only if a = 1
p* > o(p?)
if and only if @ > 1 (when p > 2) or @ > 2 (when p = 2)

Cycles of Length 1/Fixed points

We may ask about the behavior of ¢ as we apply it recursively on its output.
We now attempt to show that there is a finite number of fixed points (integers
n s.t. o(n) =n)

We will now try to identify all integers n s.t. ¢(n) = n.

It will be convenient for us to write any candidate n in the form n = 2¢ [ p® [] ¢
where pj* are the components of n not divisible by 2 that ¢ shrinks (a; > 1)
and qf i are the components of n not divisible by 2 that ¢ grows (b; = 1)

Note that when n = ¢(n) we must have,

2 [ p¢ [T 2! [T p% [1as

@+t i +a) (g +b:) 2+ 1P +ai)[[(g+1)

we will make use of this fact later,

We now work by cases in terms of ¢
Case t = 0:

We need to find a solution to,

e [T =11 +a) [+ 1)

Notice that if n = 1 we have a trivial solution as the above.

If n # 1 is a solution then both [[pf* and [] qf»” are not the empty product.
Notice that 2 | (g1 + 1) yet 24 n and so we cannot have a non-trivial solution
where t = 0.

Solutions where t = 0: n = 1.
Caset = 1:

We must have,
QHI?;“ qu‘ = 3H(pi + a;) H(Qi +1)

Note that if there is more than one ¢; then we have that the right hand side is
divisible by 22 yet the left hand side is not.
And so we have at most one g;



We first consider the case where [] ¢; is the empty product.
Then,
Pt 3

pi +a; 2
and so we see that 3 must divide the numerator, we let y > 1 denote the
maximum power of 3 that divides n

We now get,
3Y pit 3

3+ytipita; 2
and so,
pit 34y

pi+a; 3v712

yet for all y > 1 we have,

o 3
b ty <1

1<
T tpita; 32

a contradiction.

And so we cannot have a solution where we have no g;.

And so we must have one and only one ¢; which we will denote ¢,
We then have,

2¢[[ o =3(a+ 1) ][(pi +a)

And so 3 divides the left hand side.

In the case where 3 | p we have 2-3[[p{" = 3-4[[(p; + a;) so we must have
that 4 divides the left hand side which it clearly does not as we selected t = 1.
This means that we must have 3 | [[ pj*.

We let s > 1 denote the maximum power of 3 that divides n.

We now have,

2¢3° [[ " =3(a+1)B+s) [[(pi +a)

and so

2q3s ! sz+az
(g+1)(3+s)

Notice that for s > 2 we get,

1<

2¢3°~1 I—IleraZ
(g+1)(3+s)

a contradiction so we must have s = 2,

6 [[ o =@+ 15]](pi+a)

And so 5 divides the left hand side. Namely 5 divides either q or []p;*
Case b divides ¢:



Thus we must have ¢ = 5

6-5][p =6-5][(vi +ai)
Hpal _H pz+ai)

That is the remaining components of n must be the empty product.
We then have n = 213251 = 90 and we verify ¢(90) = 90.

Case 5 divides [ p}*
We let 7 > 1 denote the highest power of 5 that divides n.
We must have,

1<

5""16q Hpﬁ-az
(g+1)(B+r) -

a contradiction and so we have no solutions where 5 | [ p{*.
We have now exhaused all cases for t = 1 and have found
Solutions where ¢t = 1: n = 90.

Case t = 2:

Say that n = 22 ] p2 [ ¢ is a solution, then,
2[[ri [[eo=C+2 ][ +a) [[(a+D)
P Il =110+ e [J(e +1)

i.e. any solution with ¢ = 2 can be divided by 4 to yield a solution to the ¢t =0
case.

Since there is only the trivial solution to the ¢t = 0 then n = 4(1) is the only
potential candidate with ¢ = 2.

Clearly ¢(4) = 4.

We now see this is the only solution.

Solutions where t = 2: n = 4.
Caset = 3:
We must have,

21wt [[a=5]]0i+a) (e +1)

And since t = 3 we must have that there are at most 3 ¢; terms in n
And so we must have 5 | [[p* [ &,



Case 5| [ p{*,
Let s > 1 be the maximum power of 5 that divides n, we get,

8.5 [[p [ =06+ [[wi+a)[J(@+1)

and then for any integer s > 1,

8-5" [+ ai)[lla+1) S+l _ (o +1)(e2+1)(gs +1) < 851

5+s [Ipi [T - Ila  — 919203 5+s

a contradiction and so we must have 5 | [] ¢;.
Then we have,

5- 8HP§” H(Ii =5(6) H(pz + a;) H((Iz +1)
4HP§“ H%‘ = 3H(Pi + a;) H(Qz +1)

And so 3 | TTp% TTa:
Case 3| [[p{*, let k > 1 be the maximum power of 3 that divides n,

4-3’“_1Hp qu— 3+k) H(Pz'+ai)H(Qi+1)

and there are at most two remaining ¢; terms that we have not accounted for,

12 4-3k1 Py qz+1 S Gl _ 8y 12
4 = 3+k H(pﬂraz 11 = ¢ —\7/\11

a contradiction,

and so we must have 3 | [] ¢,

That is there is some ¢; = 3,

Putting all the terms together we find,

120 [ ¢ [T =120 ] (i + @) [[ (0 + 1)

and so any solution with ¢ = 3 must be divisible by 120 and divide by 120 to a
solution with ¢ = 0.

Since 1 is the only solution with ¢t = 0 we have that 120 is the only possible
solution with ¢t = 3.

Clearly 120 =2%-3-5=(2+3)3+ 1)(5+ 1).

Thus we see 120 is the only solution with ¢t = 3.

Solution where t = 3: n = 120.

Case t > 3:
We take L; := TH
Notice for ¢ > 3 we have,

wl o
IN
&

[=p}



We let p; denote the i*" odd prime

Next we take S; := [[_, plpfl we get

Notice for t = 4, 46810 <
=g T

We now say that for ¢t = k we have S; < L

We take l; := 241 and

T
take sy 1= {7
Notice,
Ly = Lily
and,
Sip1 < Sy
Notice,
12 < 12 <1
“Z_r faind
1t =t

for all £ > 3 since Sy < Ly and s; < Iy
And so we have,
Str1 < Sese < Lyly = Ly

We now have shown induction,
Since we have a base case with ¢ = 4 we now see that S; < L; for all ¢ > 3

We assume that there is a solution where ¢ > 3
We let n; be such a solution with specific ¢ > 3
We write n; in the form we have seen earlier,

ng = 2! HP;M H(Iz'

and take Ry :=]] aitl
i 4
Notice we have,

2 I [Ja =+ ][ +a) [J(a+1)

and so,

_ H(pi + az) QZ + 1 qi +
be= Hp [Ta H

<St<Lt

this is a contradiction,
And so we see that there cannot be a solution where ¢ > 3

Soltuions where ¢ > 3: N/A



Complete list of Fixed points

In the previous section we discovered 4 fixed points and showed that there can

be no others.
The four fixed points we found are:

1,4,90,120



